EXCEPTIONAL BUNDLES ASSOCIATED TO 
DEGENERATIONS OF SURFACES 

^ ^ PAUL HACKING 
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, ^ ! 1. Introduction 

cn ' In 1981 J. Wahl described smoothings of surface quotient singularities 

with no vanishing cycles |W81t 5.9.1]. Given a smoothing of a projective 
surface X of this type, we construct an associated exceptional vector bundle 

Q '. on the nearby fiber Y in the case H'^'^(Y) = H^{Y) = 0. li Y 






j2 



we 

.<^ \ show that our construction establishes a bijective correspondence between 

the possible degenerate surfaces X and exceptional bundles on Y modulo a 
natural equivalence relation. If Y is of general type then our construction 
establishes a connection between components of the boundary of the moduli 
space of surfaces deformation equivalent to Y and exceptional bundles on 
Y. 
^ Let n, a be positive integers such that a < n and (a, n) = 1. Consider the 

^ • cyclic quotient singularity 

3 : (11) (0 e C7(Z/n^Z)), 

^. ■ Z/n^Z 9 1: {u,v) ^ (^u,^"""!?;), ^ = e^-pi'^m / v?) . 

^— ^ . We refer to (jl.ip as a Wahl singularity of type ^(1, na—1). A Wahl singular- 

ity admits a Q-Gorenstein smoothing, that is, a one parameter deformation 
such that the general fiber is smooth and the canonical divisor of the total 
space is Q-Cartier. The Milnor fiber of such a smoothing is a rational ho- 

^ ' mology ball. So, if Y is the general fiber of a Q-Gorenstein smoothing of a 

j^ ■ surface X with Wahl singularities, then the specialization map 

H,(Y,q) ^ H,{x,q) 

is an isomorphism. For this reason, it is difficult to predict the existence of 
the degeneration Y -^ X given the surface Y. 

An exceptional bundle F on a surface y is a holomorphic vector bundle 
such that Hom(F, F) = C and Ext^(F, F) = Exi^^F, F) = 0. In particular F 
is indecomposable, rigid (no infinitesimal deformations), and unobstructed 
in families. So, if y/{0 G S") is a deformation of Y over a germ (0 € S), then 
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2 PAUL HACKING 

F deforms in a unique way to a family of exceptional bundles on the fibers 

of 3^/(0 eS). 

Theorem 1.1. Let X be a projective normal surface with a unique singu- 
larity P £ X of Wahl type -3-(l, na — 1). Let X/{0 £ T) be a one parameter 
deformation of X such that the general fiber Y is smooth and the canonical 
divisor Kx of the total space is (J-Cartier. 

(1) Assume that Hi{Y,Z) is finite of order coprime to n. Then the 
specialization map 

sp:H2iY,Z)^H2{X,Z) 

is injective with cokernel isomorphic to Z/nZ. 

(2) Assume in addition that H'^'^{Y) = 0. Then, after a base change 
T' —^ T of degree a, there exists a reflexive sheaf £ on X' := X XtT' 
such that 

(a) F := £\y is an exceptional bundle of rank n on Y , and 

(b) E := £\x is a torsion-free sheaf on X such that its reflexive 
hull E'^'^ is isomorphic to the direct sum of n copies of a reflex- 
ive rank 1 sheaf A, and the quotient E'^'^ jE is a torsion sheaf 
supported at P £ X . 

If H is a line bundle on X/T which is ample on the fibers, then F 
is slope stable with respect to the the ample line bundle H := ^|y. 
Moreover, we have 

ci{F) = nci{A) € H2{Y,Z) C H2iX,Z), 
C2(F) = ^(ci(F)2 + n + l), 



and 



2n 
ci{F) ■ Ky = ±a mod n, 

H2{X,Z) = H2{Y,Z)+Z-{ci{F)/n). 



Remark 1.2. The torsion- free sheaf E on X is a Gieseker semistable limit 
of the family of stable exceptional bundles F on the fibers of X' jT' over 
T \ {0}. If E is Gieseker stable, then it is uniquely determined by this 
property. See |HL97l 2.B.1]. 

Remark 1.3. The exceptional bundles on Y obtained from F by dualizing 
or tensoring by a line bundle arise from the degeneration X/(0 G T) in the 
same way. Indeed, the dual £^ oi £ satisfies the properties II. ll f 21. Similarly, 
if L is a line bundle on y, then L extends to a reflexive rank 1 sheaf £ on 
X' , and the reflexive hull of the tensor product £®C satisfies the properties 
[LH2). 

Remark 1.4. The formula for C2{F) is valid for any exceptional bundle and 
is given by the Riemann-Roch formula: 

1 = x{£ndF) = Tk{Ffx{OY) + (rkF - l)ci{Ff - 2rk(F)c2(F). 
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Recent work of Y. Lee and J. Park constructs new surfaces of general 
type with H^'^ = H^ = as Q-Gorenstein smoothings of rational surfaces 
with Wahl singularities, see e.g. [LP07] . In these cases our construction 
produces examples of exceptional bundles on surfaces of general type. As 
far as I know these are the first such examples. In general little is known 
about moduli spaces of stable bundles on surfaces of general type unless the 
expected dimension is large. 

Notation. We work over the complex numbers. In what follows we use the 
shorthand C'^/i(ai, . . . , a^) or just ^(ai, . . . , a^) for the cyclic quotient 

C7(Z/rZ), 
Z/rZ 3 1: (xi, . . . ,Xd) ^ {C'xi, ..., (""xd), C = exp(27ri/r). 
Some background on reflexive sheaves and toric geometry is reviewed in ^ 

2. Wahl singularities 

Let (P G X) denote the Wahl singularity (0 G C^ „/;^(l,na - 1)). The 
canonical divisor Kx is Q-Cartier of index n, that is, nKx is Cartier and 
n G Z>o is minimal with this property. Thus Kx defines a cyclic covering 

vr: {QeZ)^ {P ^ X) 

of degree n, which is unramified over X \ {P}, such that Kz = t^*Kx is 
Cartier. The covering tt is called the index one cover. Explicitly, we have 

Z = C2_Ji(l,-l) = (xy = z")cC3_,,, 

where x = it", y = v", z = uv. Thus 

X = (xy = z")c(C3^,,,/i(l,-l,a)). 

A smoothing of P G X is given by 

(2.1) X = {xy = z^ + t)c (C3_, ,/i(l, -1, a)) x C]. 

The link L of the singularity P G X is the lens space 5^/^(1, na — 1). Let 
M denote the Milnor fiber of the smoothing (12. ip , a smooth 4-manifold with 
boundary L. Wahl observed that M is a rational homology ball. More pre- 
cisely, 7ri(M) = Z/nZ, Hi{M, Z) = for i > 1, and the map 7ri(L) -^ ■ki{M) 
is the surjection Z/v?Z — )• Z/nZ. To see this, note that by construction M 
is the quotient of the Milnor fiber Mz of a smoothing oi Q ^ Z, a. Du Val 
singularity of type ^n-i; by a free action of ZjnL. The Milnor fiber Mz 
has the homotopy type of a bouquet of n — 1 copies of S'^ . So in particular 
Mz is simply connected and 7ri(M) = Z/nL. Since M is Stein of complex 
dimension 2 it has the homotopy type of a cell complex of real dimension 2. 
Finally the Euler number e(M) = e{Mz)/n = 1, so h2{M) = 0. 
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Remark 2.1. A more explicit analysis yields the following topological de- 
scription of M, see |K92l 2.1]. Let Nz be the topological space obtained 
from n copies A^ of the closed disc A:=(|2;|<l)cCby identifying their 
boundaries. Define a free action of TLjnL on Nz by 

Aj — > Aj+i, z I— )• Qz^ C = exp(27ri/n), 

where the indices j are understood modulo n. Let N denote the quotient 
Nz/{'^/n'L). Then M is homotopy equivalent to N . 

The Q-Gorenstein deformations of a quotient singularity are by definition 
those deformations induced by an equivariant deformation of the index one 
cover. The deformation (j2.ip is a versal Q-Gorenstein deformation, that is, 
every Q-Gorenstein deformation of {P € X) is obtained from (j2.ip by pull- 
back. A one parameter smoothing of a quotient singularity is Q-Gorenstein 
iff the canonical divisor of the total space is Q-Cartier [H04t 3.4]. 

The Q-Gorenstein condition is natural from the point of view of Mori 
theory and is used in the definition of the compactification M. of the moduli 
space of surfaces of general type analogous to the Deligne-Mumford com- 
pactification of the moduli space of curves |KSB88J. In particular, since the 
versal Q-Gorenstein deformation space of a Wahl singularity is a smooth 
curve germ, if X is a normal projective surface such that Kx is ample, X 
has a unique singularity of Wahl type, and H'^{Tx) = (so that there are 
no local-to-global obstructions for deformations of X), then M is smooth 
near [X] and locally trivial deformations of X determine a codimension one 
component of the boundary of M . 

3. Blowup construction 

Proposition 3.1. Let n and a be positive integers such that a < n and 
{a,n) = 1. Let (P G ^)/T be a one parameter Q-Gorenstein smoothing of 
a Wahl singularity (P G X) ~ (0 G C^„/^(l,no — 1)). Then, after a base 
change T' —^ T of degree a, there exists a birational morphism tt: X ^ X' 
satisfying the following properties. 

(1) The locus W := 7r~^(P) <Z X is a normal surface isomorphic to the 
weighted projective hypersurface 

{XY = Z" + T") C P(l, na - 1, a, n). 

(2) The morphism vr restricts to an isomorphism X \W —> X \ {P}. 

(3) The special fiber X := Xq is reduced and is the union of two com- 
ponents Xi and X2 meeting along a smooth rational curve C , where 
Xi is the strict transform of X and X2 = W is the exceptional di- 
visor. The curve C C Xi is the exceptional curve of the restriction 
p: Xi^X o/vr, and C = {T = {))(ZW. 

(4) Let Q (z C C X denote the point with homogeneous coordinates 
(0 : 1 : : 0) . The reducible surface X has normal crossing singular- 
ities {xy = 0) C ^t,y,z o,^ong C \ {Q}, an orbifold normal crossing 
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singularity {xy = 0) C Cx,y,z/ na~-i ('^' ~1)Q^) <^t Q; o.'^d is smooth 
elsewhere. 

Moreover, the birational morphism p: Xi -^ X is the weighted blowup of 
P ^ X with weights -^{l,na — 1) with respect to the orbifold coordinates 
u,v. 

Proof. Recall from ^that the versal Q-Gorenstein deformation of (P € X) 
is given by 

X = {xy = z^ + t)c {ClyJ^ih -1, a)) x Cj. 

We describe the construction of vr for the versal deformation. In general we 
obtain the morphism by pullback from the versal case. 

We make the base change i i— ?■ i" and blowup (x, y, z, t) with weights 
w = -(1, no — 1, a, n) to obtain the desired birational morphism. (See §7.2.21 
for background on weighted blowups.) Let f : A ^ A denote the blowup of 
the ambient space A := -(1,-1, a) x Cj. Then / has exceptional divisor 
E = P(l, na — l,a,n) with weighted homogeneous coordinates X,Y,Z,T 
corresponding to the orbifold coordinates x, y,z,t at € A. The 3-fold X is 
by definition the strict transform of X C A under the map /. Observe that 
the equation (xy = z" + t") C A oi X is homogeneous with respect to the 
weight vector w. It follows that the exceptional locus 

W :=TT-^{P) = Er\X 

of vr is given by the same equation in the weighted projective space E. Now 
consider the fiber X = Xq oi X over G T = C^. Observe that the weight 
of t is equal to 1 (we made the base change above to ensure this). It follows 
that the Cartier divisor X = {t = Q) <Z X is reduced, equal to the sum 
X' + W oi the strict transform of X and the exceptional divisor W . It is 
easy to check in the charts for A that the singularities of X are as described 
in the statement. 

Finally, since X = {t = {)) C A is identified with C^„/^(l,na — 1) by 
(m, v) I— >■ (x, y, z) = (u", f", uf ), we see that the induced birational morphism 
p: Xi — > X is the blowup with weights -^{l,na — 1) with respect to u,v. 
We remark that, since P G X is a cyclic quotient singularity, its minimal 
resolution X ^ X has exceptional locus a nodal chain F = Fi + . . . + F,. of 
smooth rational curves, such that the strict transforms {u = 0)' and {v = 0)' 
of the coordinate axes intersect the end components Fi and Fy. respectively. 
Then Xi is obtained from X by contracting the chain Fi + ■ ■ ■ + -Fr-i of 
exceptional curves disjoint from [v = 0)' to a cyclic quotient singularity of 
type;^(a2,-l). D 

4. Glueing 

Let X /{Q E T) be a one parameter deformation of a projective normal 
surface X with quotient singularities. Let P E X be a Wahl singularity 
of type ^(l,na — 1) such that the germ (P G X)/T is a Q-Gorenstein 
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smoothing of {P £ X). Let Pi = P, P2, ■ ■ ■ , Pr be the singularities of X and 
Li the hnk of the singularity Pi S X. Let Y denote a general fiber of X /T. 
In this section we make the following assumptions: 

(1) The map 

(4.1) H2{X,Z)^^Hi{Li,Z), a^{ar\Li) 

is surjective. 

(2) We have H'^^^{Y) = and H^{Y,Z) = 0. 

Let (0 G T') — 7> (0 € T) and vr: X ^ X' he the base change and blowup 
of Proposition 13.11 

Lemma 4.1. There exists a line bundle A on the strict transform Xi C X 
of X such that the restriction of A to the exceptional curve Cofp: Xi -^ X 
has degree 1. 

Proof. By our assumptions H''{Oy) = for i > 0. Since X has quotient 
singularities, it follows that H''{O^J = H\Ox) = for i > [DB8II 
4.6,5.3]. Hence ci : PicXi -^ H'^{Xi,7j) is an isomorphism, and we must 
show that the restriction map H'^{Xi,7j) -^ H'^{C,Z) is surjective. 

Let Bi denote the intersection of X with a small ball about Pi in some 
embedding. Then Bi is topologically the cone over the link Li of Pi (z X, in 
particular Bi is contractible. Write X° = X \ |J Bi. Define N := p~^Bi C 
Xi. Then C C A^ is a deformation retract. The Mayer- Vietoris sequence for 
Xi = X" U {N U i?2 U • • • U Br) gives an exact sequence 

H'^{Xi,Z) ^ H^{X°,Z)®H^iC,Z) ^0ij2(Li,Z) 

The restriction map H'^{X°,Z) -^ @ H'^{Li,'L) is identified with the map 
(14. ip by Poincare duality (cf. §7.11) . and (14.11) is surjective by assumption. 
It follows that the restriction map H'^{Xi,'L) — )• H'^{C,'L) is surjective as 
required. D 

Proposition 4.2. Suppose G is an exceptional bundle of rank n on the 
TT- exceptional divisor W such that G\c — ©(^(l)®". Let E be the vector 
bundle on the reducible surface X obtained by glueing A®"^ on Xi and G on 
X2 = W along 0(7(1)®" on C . Then E is an exceptional vector bundle on 
X. 

Let £ denote the vector bundle on X obtained by deforming E. Let £ : = 
(7r*£')^^ be the reflexive hull of the pushforward of £ to X' . Then £\x' is 
an exceptional vector bundle on Xl for t ^ and E := £\x is a torsion-free 
sheaf on X. 

Let A := (p^A)"^^ be the reflexive hull of the pushforward of A to X . 
Then the reflexive hull E"^^ of E equals A®^ and E^^ jE is a torsion sheaf 
supported at P £ X . 

Remark 4.3. We show in Proposition 15.11 that such bundles G exist by in- 
duction on a. The induction step uses Proposition 14.21 



EXCEPTIONAL BUNDLES ASSOCIATED TO DEGENERATIONS OF SURFACES 7 

Proof. Since X = Xi U X2 has orbifold normal crossing singularities, we 
have an exact sequence of sheaves on X 

The sheaf ^ on X is defined as the cokernel of the map 

where we fix isomorphisms A®"|c — ©(^(l)®" — G\c- (Note that the iso- 
morphism type of E does not depend on the choice of these isomorphisms 
because Aut(i®") = Aut(C'c(l)®") = GL(n,C).) Then ^ is a vector bun- 
dle on X such that £'1 v — ^®" and Ely ~ G. 

We show that E is exceptional. Consider the exact sequence 
-^ SndE -^ £ndE\^^ © £ndE\^^ -^ £ndE\c -^ 0, 
which is equal to 

-^ SndE -^ Cl^" eSndG^ O"''" -^ 0. 
Xi ^ 

The curve C is smooth and rational, so H^{Oc) = 0, and W{Oj^ ) = 
for z > as noted in the proof of Lemma 14.11 above. We deduce that 
H^{£ndE) = H^{£ndG). Hence E is exceptional because G is exceptional. 

The vector bundle E deforms uniquely to a vector bundle £ over X be- 
cause E is exceptional. The restrictions of £ to the fibers of X/T are excep- 
tional by upper semicontinuity of cohomology. 

Note that E := £\x is torsion-free because £ is reflexive. Indeed, £ 
satisfies Serre's condition S2 and X = {t = 0) C X is a Cartier divisor. So 
the restriction E = £\x satisfies Si, that is, E is torsion-free. 

By construction E\x\{p} = ^®"|x\{P}, so E'^'^ = ^®" and E'^'^/E is 
supported at P. D 

Proposition 4.4. Suppose T-L is a line bundle on X jT which is ample on 
fibers. Then for t 7^ the exceptional vector bundle £\x' on Af/ constructed 
in Proposition 14-^ is slope stable with respect to T-L\x' ■ 



Proof. Let Ti' be the pullback of % to X' , and define 

ii := Tr*n'^^ © 0^{-{na - l)W) 

for A^ ^ 0, where W = X2 is the exceptional divisor of vr. Then 7^ is a line 
bundle on X/T' which is ample on fibers, and its restriction to Xj. for t ^ 
coincides with the restriction of T-L® . In what follows we write /i(i^) for 
the slope of a sheaf F on a surface S d X defined using the polarization on 
S given by the restriction of %, that is, 

^i{F) = degF/rkF := (ci(F) • n\s)/T\i{F) 

Suppose £\xi is not slope stable with respect to '}i\x' for t 7^ 0. Then, by 
the argument for openness of stability |HL971 2.3.1], after a finite surjective 
basechange (which we suppress in our notation), there is a surjection £ ^ C 
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such that C is flat over T', < rk(C) < rk((£'), and ij-{C\x') < ij-{£\x') for all 
t € T'. (Note that, by flatness of C over T, C\-^ is a sheaf of constant rank 
on the reducible surface X. Thus /i(C|^) is well-defined.) 

Let E —^ C and Ei — )• Cj denote the restrictions of £" — )• C to X and 
Xj for i = 1,2. Recall that Ei is the direct sum of n copies of the line 
bundle A and E2 is the exceptional vector bundle GonW. In particular Ei 
is slope semistable, and E2 is slope stable by Proposition 15.51 below. Thus 
Ai(Ci) > fi{Ei) and //(C2) > ;u(^2)- We deduce that iJ,{C) = J2 n{Ci) > 
f^i^) — Ylf^i^i)i ^ contradiction. D 

5. Localized exceptional bundles 

Proposition 5.1. Let n,a be positive integers such that a < n and (a,n) = 
1 . Write 

W = Wn,a ■■= {XY = Z" + T^) C P(l, na - 1, a, n) 

Let C\ and C2 he the smooth rational curves on W defined by C\ = [Z = 0) 
and C2 = (T = 0). Then there exist exceptional vector bundles Fi and F2 
on W of ranks a and n such that for each j = 1,2 we have 

(1) H^{Fl) = for all i, 

(2) H'{Fj) = fori>0, 

(3) Fj is generated by global sections, and 
{4)F,\c,c^Oc,{ir^''^^. 

(Here Oc'-(l) denotes the line bundle of degree 1 on the smooth rational 
curve Cj.) 

Construction 5.2. The proof of Proposition 15.11 uses the following degener- 
ation of W. Consider the one parameter family of normal surfaces 

X = {XY = tZ"" + T") cP(l,na-l,a,n) x C^ 

Note that Xf c^W for t ^ 0. The special fiber X := Xq is isomorphic to the 
weighted projective plane P(l, na — 1, a^) via the morphism 

P(l, na - 1, a^) ^ X = (XY = T") C P(l, na - 1, a, n), 

([/, V, w) ^ (X, y, z, T) = {u^, v^, w, uv). 

The surface X has two singular points P = (0: 0: 1) and Q = (0: 1: 0). 
The point P is a Wahl singularity of type ^(1, ab — 1) where b = n mod a, 
and the germ {P G <Y)/(0 € C^) is a Q-Gorenstein smoothing of {P G X). 
The point Q is a cyclic quotient singularity of type „^_^ (1, a^) and the 
deformation X /(O € C|) is locally trivial near Q. 

Proof of Proposition I5.il We first construct F2 given Fi . The vector bundle 
Pi is globally generated, that is, the natural morphism 

(5.1) H^iFi)0Ow^Fi 
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is surjective. We define F2 as the dual of tlie kernel of (I5.ip . Thus F2 is a 
vector bundle such that rk(F2) = /i°(Fi) -rk(Fi) and 01(^2) = ci(Fi). The 
bundle F2 is exceptional and H'{F^) = for ah i by [Ml §2.4]. Indeed, 
in the terminology of op. cit., the pair {Ow,Fi) is an exceptional pair, and 
{F2,Ow) is its left mutation. Moreover, the exact sequence 

O^F^ ^ H^iFiY ®Ow ^F2^0 

shows that F2 is globally generated and W{F2) = for i > 0. 

By Lemma 15.31 the homology group H2{W,Z) is isomorphic to Z, gen- 
erated by the restriction H of the positive generator A := ci(Op(l)) of 
/f4(P, Z), where P = P(l,na — l,a,n) denotes the ambient weighted pro- 
jective space. (See §7.2.11 for background on weighted projective spaces.) 
Note that H'^ = l/(na - 1) (because H'^ = A^ ■ W = {na)A^ and A^ = 
l/{{na - l)an)). Now Ci = {Z = 0) ^ aH and Fi|ci - ^^(l)®", thus 
ci{Fi) ■ aH = a and so ci(-Fi) = {na — 1)H. Since Fi is an exceptional 
bundle of rank a we have 

C2(Fi) = ^(ci(Fi)2 + a + l), 
2a 

see Remark 11.41 The canonical class Kw of W is given by the adjunction 

formula 

Kw = (i^p + W)\w = -{a + n)H. 

Now the Riemann-Roch formula gives 

h\Fi) = x{Fi) = axiOw) + ^ci(Fi)(ci(Fi) - Kw) - 02(^1) = a + n. 

Thus F2 is a vector bundle of rank n. 

It remains to show that F2\c2 ~ ^02(1)®"- The bundle F2IC2 o^ ^2 — ^^ 
has rank n and degree 

ci(F2) • C2 = ci(Fi) • nH = {na - l)nH^ = n. 

So it suffices to show that F2IC2 is rigid, that is, H^{£ndF2\c2) = 0- Con- 
sider the exact sequence 

-^ £ndF2{-C2) -^ £ndF2 -)■ £ndF2\c2 ^ 0. 

We have H^{£ndF2) = and 

H'^{£ndF2{-C2)) = H^{£ndF2{Kw + C2))* = H^{£ndF2{-aH)Y = 

because Kw + C2 ~ —aH < and EndF2 = C So H^{£ndF2\c2) = as 
required. 

We now prove the existence of Fi by induction on a. If a = 1 then 
W = P(l,n — 1, 1) and we can take Fi = Ow{n — 1). Now suppose a > 1. 
Consider the degeneration X /T of W described in Construction 15.21 Write 
n = ka + b,Q <h <a. The point P = (0: 0: 1) G X = P(l, na- 1,0^) is 
a Wahl singularity of type \{l,ah — 1), and the germ {P G X)/T is a Q- 
Gorenstein smoothing of {P ^ X). Let (0 G T') ^ (0 G T) and vr: A" ^ ;k" 
be the basechange and blowup of Proposition 13.11 The exceptional divisor 
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of vr is X2 = Wa,b- By induction and the construction of F2 from Fi above, 
there exists a vector bundle G on X2 of rank a such that W{G'^) = for ah 
i, W{G) = for ? > 0, G is globahy generated, and G\c ^ Cell)®", where 
C = Xi n X2 is the double curve of X = ^o- 

The surface X = P(l,na — l,a^) is the toric variety associated to a free 
abelian group N and a fan S in A^ (8)^ R as follows. The group A^ ~ Z^ is 
generated by vectors fo,fi,f2 satisfying the relation 

vq + {na — l)t'i + a^t;2 = 0. 

The fan E is the complete fan with rays generated by vq 1 'Wi 1 '^2 • The bi- 
rational morphism p: Xi ^ X is the weighted blowup of the point P = 
(0: 0: 1) ^ X with weights -^{l,ab — 1) with respect to the orbifold coordi- 
nates u = U/W, V = V/W. The morphism p corresponds to the refinement 
T, of the fan T, obtained by adding the ray generated by 

w:= ^{vo + (ab - l)vi) eN. 

Let D be the divisor (y = 0) C X = P(l, na-1, a^) and D' C Xi its strict 
transform. Note that D' C Xi is the toric boundary divisor corresponding 
to the ray M>o • '^i of S. The divisor D' is Cartier and D' ■ C = 1. By 
Proposition 14.21 there is an exceptional vector bundle E on X obtained by 
glueing Oj^ (Z)')®" on Xi and G on X2 along 0^(1)®" on C, and E deforms 

to an exceptional bundle Fi on the general fiber W of X /T. It remains to 
show that Fi satisfies the properties (1)~(4) in the statement. 

(1,2) It suffices to verify the corresponding vanishings for E. We have the 
exact sequence of sheaves on X 

^ ^v ^ 0^^{-D'f e G^ ^ Oc(-l)®" ^ 0. 

Now W{G^) = for all i by assumption, H'^{Oc{—^)) = for all i, and we 
find H^{Oj^ {—D')) = for all i using the exact sequence 

^ O^^ i-D') ^ O^^ ^ Od' -^ 0. 

Hence W{E'^) = for all i. Similarly, for (2) we consider the exact sequence 

(5.2) 0^^^O^^(L>')®"©G^Oc(l)®"^0. 

A toric calculation shows that {D')"^ = k > 0, where n = ka + b as above. 
(Indeed, with notation as above, we compute V2 + w = —kvi, so (-D')^ = k 
by |F93) ■ p. 44.) The exact sequence 

0^0^^^ O^^iD') -^ Oo'ik) -^ 

shows W{0-^ i^')) = for i > 0. The exact sequences 

-^ Ox^(-C) -^ 0^^{D' -C)^ Oo'ik - 1) ^ 

and 
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show that H'^{Oj^^{D'-C)) = 0, hence the restriction map H^{Oj^^{D')) -^ 
H°{Oc{l)) is surjective. We deduce that H'{E) = for i > 0. 

(3) Since H^{E) = it suffices to prove that E is globaUy generated. 
The bundle G is globally generated by assumption and the restriction map 
H°{0^^{D')) -^ H°{Oc{l)) is surjective as proved above. It follows that E 

is globally generated along X2. 

Let S denote the cokernel of the natural map 

H''iE)^Oji^^E\ji^. 

Thus E is globally generated iff S = 0. We first show that S is a union of 
toric strata of the toric surface Xi. The action a of the big torus T ~ (C*)^ 
on Xi restricts to an action on C given by 

C={T = 0) CX2 = {XY = Z'' + T^) C P(l, ah - 1, 6, a) 

T 3 t: {X,Y,Z) ^ {X,x{trY,x{t)Z) 

for some character x of T. Consider the action a' of T on Xi given by 
a'{t,x) = a{t ,x). Then a' extends to an action of T on X defined on X2 
by 

t: (x,y,z,r) ^ ix,x{tr'Y,xitfz,xitrT). 

Since E is exceptional, it has no nontrivial deformations, so t*E is isomorphic 
to E for all t a T. It follows that S C Xi is a union of toric strata. Now 
E is globally generated along C, so it suffices to show that E is globally 
generated along the toric boundary divisor B C Xi disjoint form C. Note 
that B maps isomorphically to (W = 0) C X under p. 

The divisor D' intersects each of B and C transversely in a smooth 
point of Xi. In particular, E\b ^ Cij(l)®". Let f : X[ ^ Xi be the 
blowup of k distinct interior points of D' so that the strict transform D" 
satisfies D" = f*D' — Yli=i ^i where the Ei are the exceptional curves. 
Then {D")"^ = and so D" defines a ruling of X[ with sections B and C. 
So H^{0^,{D")) C H^{0^^{D')) maps isomorphically to ^0(0^(1)) and 

H^{Oc{f))- Since G = E\^ is globally generated along C we deduce that 

E is globally generated along B. 

(4) The divisor B := {Z = Q) C X/C\ is a P^-bundle over the base with 
fiber C2 C ly = Aft for t / and 5 = (T^ = 0) C X for t = 0. As noted 
above we have E\b ^ 0^(1)®", so also Fi\c., ^ OcaCl)®"- □ 

Lemma 5.3. LetW = (XY = Z'^+T") cF{l,na-l,a,n). ThenH2{W,Z) 
is isomorphic to Z, generated by the restriction of the positive generator A := 
ci(Op(l)) € -ff4(P, Z) of the homology of the ambient weighted projective 
space P = P(l, na — l,a, n). 

Proof. By Construction 15.21 the surface W is obtained from the weighted 
projective plane X = P(l, na — 1, a^) C P by smoothing the Wahl singularity 
P & X of type T-(l, ab—1). We have A\x = aL, where L denotes the positive 
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generator of H2{X, %). Now by Lemma [531 below we deduce that H2{W, Z) 
is generated by A\w as required. D 

Lemma 5.4. Let X be a compact normal surface and P ^ X a Wahl sin- 
gularity of type ^(1, na — 1). Let L denote the link of P £ X. Assume that 
H2{X,7j) -^ Hi{L,'L) is surjective. Let X/{0 £ T) be a deformation of X 
over a smooth curve germ (0 € T) such that the germ [P G '^)/(0 € T) is a 
Q-Gorenstein smoothing of P £ X and the deformation X jT is locally triv- 
ial elsewhere. Let Y denote a general fiber of X /T . Then the specialization 
map 

sp: H2(Y,Z) ^ H2{X,Z) 

is injective with cokernel isomorphic to TLjn'L. 

Proof. Let i? C X be the intersection of X with a smaU bah about P in 
some embedding, and X° the complement of B. Then B is contractible and 
has boundary L, the link of P € X. Let M C y be the Milnor fiber of the 
smoothing of P € X. Then the Mayer- Vietoris sequences for Y = X° U M 
and X = X° U B give a commutative diagram with exact rows 

> H2{X") > H2{Y) > Hi{L) > Hi{X°)®Hi{M) 



> H2{X") > H2{X) > Hi{L) > Hi{X") 

using H2iL) = H2{M) = and contractibility of B. Now i^2(X) -^ Hi{L) 
is surjective by assumption and Hi{L) — > Hi{M) is a surjection of the form 
'Ljv^'L -^ 'L/n'L. It follows that H2{Y) -^ H2{X) is injective with cokernel 
Hi{M) isomorphic to "L/n'L as claimed. D 

Proposition 5.5. Let W be the surface of Proposition [XT! and G an excep- 
tional vector bundle on W . Then G is slope stable. 

Proof. Note first that the choice of polarization is irrelevant because 62 (W^) = 
1, see Lemma [5. 3 1 Let D € \ — Ky/ \ be a general member of the anticanonical 
linear system on W . Then D is a rational nodal curve of arithmetic genus 
one. Consider the exact sequence 

-^ SndG{-D) -^ SndG -^ £ndG\D -^ 0. 

We have H^{£ndG) = for i ^ because G is exceptional, and 

H\£ndG{-D)) = H\£ndG{Kw)) = H^-\£ndG)* = 

for i / 2 by Serre duali ty. Th us H^{£ndG\D) = H^{£ndG) = C, that is, 
G\d is simple. Now by |BK061 4.13] G\d is slope stable. It follows that G 
is slope stable. D 

Proof of Theorem \1.1\ By Propositions 14.21 and 15. 1^ to establish the exis- 
tence of the sheaf £ satisfying ll.l( 2)(a.b) it suffices to show that the hy- 
potheses of Theorem 11.11 imply the hypothesis (1) of §4, namely, that the 
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map 

(5.3) H2{X,Z) ^ Hi{L,Z) 

is surjective, where L is the hnk of the singularity. 

Let B denote the intersection of X with a small ball centered at the 
singularity P € X in some embedding, M the Milnor fiber of the smoothing, 
and write X° := X \B. As in the proof of Lemma [531 consider the Mayer- 
Vietoris sequences foi Y = X° U M and X = X° U B. Let Ix and ly 
denote the image of H2{X) and H2{Y) in Hi{L). We obtain a commutative 
diagram with exact rows 

y Hi{L)/Iy y Hi{X°)®Hi{M) > Hi(Y) y 



> Hi{L)/Ix > Hi{X") > Hi{X) > 

By the snake lemma we obtain an exact sequence 

-^ Ix/Iy -^ Hi{M) -^ Hi{Y) -^ Hi{X) -^ 0. 

Now Hi{M) ~ Z/nZ and Hi(Y) is finite of order coprime to n by assump- 
tion. Hence Ix/Iy = HiiM) and IIi{Y) = IIi{X). Now consider thep-part 
of the exact sequence 

Hi{L) -^ Hi{X°) © Hi{M) -^ Hi{Y) -^ 

for p a prime. If p divides n, then since IIi{L) ~ Z/n^Z, iJi(M) ~ Z/nZ, 
and i?i(y)(p) = we find that Hi{X°)^p-^ =0. If p does not divide n, then 
ii-i(X°)(p) = /?i(y)(p). Thus H^{X-) = Hi{Y). Combining, Hi{X-) = 
IIi{X). Now the Mayer- Vietoris sequence for X = X° U B shows that 
Il2{X) — )• IIi{L) is surjective as required. 

The statement 11.1( 1) holds by Lemma 15.41 and the surjectivity of (15. 3p 
proved above. The stability statement is given by Proposition 14.41 

It remains to establish the stated properties of the Chern classes of F. We 
have ci{E) = nci{A) e Il2{X,Z) because E'^'^ = ^®" and E is torsion- free, 
and ci{F) = ci{E) G H2(Y, Z) C H2{X, Z) by flatness of £. The formula for 
C2{F) holds because F is exceptional, see Remark [l.41 Since ci(F) = nci{A) 
and Ky = Kx in Il2{Y,'L) C Il2{X,'L) we can compute ci{F) ■ Ky modulo 
n by a local computation at the singular point P € X. Identify {P G X) 
with (0 G C^^/^(l,na — 1)). By construction ci{A) is locally represented 
by the class of the Weil divisor D := {v = 0) (because the strict transform 
D' of this divisor in Xi is Cartier and satisfies D' ■ C = 1). The canonical 
divisor Kx is locally represented by —{uv = 0) ~ —na{u = 0). Thus the 
local intersection number {nci{A) ■ Kx)p is given by 

{nci{A) ■ Kx)p = n{v = 0) • {—na{u = 0)) = — n a/n = —a mod n. 

It follows that ci{A) = ci{F)/n generates H2{X,'L)/ H2{Y,'L) ~ Z/nZ be- 
cause (a,n) = 1. n 
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6. Example: The projective plane 

We analyze our construction in the case y = P^. We use the classifi- 
cation of exceptional bundles on Y |DLP85] . |R89] and the classification of 
degenerations Y -^ X |HP10] to establish a bijective correspondence, see 
Theorem I6.4[ 

Theorem 6.1. [HPIO^ 1.2] Let X be a normal surface with quotient singu- 
larities which admits a smoothing to the projective plane. Then X is one of 
the following: 

(1) A weighted projective plane P(a^,6^,c^), where {a,b,c) is a solution 
of the Markov equation 

a^ + b^ + c^ = 3a6c. 

(2) A <Q-Gorenstein deformation of one of the toric surfaces in (1), de- 
termined by specifying a subset of the singularities to be smoothed. 

The solutions of the Markov equation are easily described: (1,1,1) is 
a solution, and all solutions are obtained from (1, 1, 1) by a sequence of 
mutations of the form 

(6.1) (a, 6, c) H^ (a, b, c' = Sab — c). 

We can define a graph G with vertices labelled by solutions of the Markov 
equation and edges corresponding to pairs of solutions related by a single 
mutation. Then G is an infinite tree such that every vertex has degree 3. 
See [C571 II.3]. 

The surface P = P(a^,6^,c^) has cyclic quotient singularities of types 
^(6^,c^), ^(c^,a^), ^(a^,6^). Using the Markov equation one sees that 
these are Wahl singularities (note that a,b,c are coprime and not divisible 
by 3 by the inductive description of the solutions of the Markov equation 
above). Moreover there are no locally trivial deformations and no local- 
to-global obstructions because H^(Tp) = H'^{Tp) = 0. Thus the versal 
Q-Gorenstein deformation space of P maps isomorphically to the product 
of the versal Q-Gorenstein deformation spaces of its singularities, which are 
smooth of dimension 1 (see §2). 

Proposition 6.2. Let X be a normal surface with quotient singularities 
which admits a smoothing to the projective plane. Then X is uniquely de- 
termined by its singularities. 

Proof. If X is smooth then necessarily X is isomorphic to P^. Now sup- 
pose X has r singularities with indices ai , . . . , a,- . By Theorem 16.11 we 
have r < 3 and the surface X is obtained from a weighted projective plane 
P = ¥{a\,a\,a\) by smoothing the singularity of index ai for each i > r, 
where (ai, 02, as) is a solution of the Markov equation. If r = 3 then X = ¥ 
and clearly X is determined by its singularities. If r = 2 then there are 
exactly two possibilities for 03, related by the mutation a'^ = 3aia2 — 03. By 
Example 16.31 below these two choices yield isomorphic surfaces. 
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Finally suppose r = 1. Let ■\{l,na — 1) be the isomorphism type of the 
singularity P G X. Thus n = ai and ^(l,na— 1) ~ ^(a2,a|). Equivalently, 
using the Markov equation, 

(6.2) ± a = {{a2 + a^) / ai) ■ (02)^ = (80203 — oi) • (02)" = 3a^ 03 mod n 

(the sign ambiguity comes from interchanging the orbifold coordinates). By 
inductively replacing (01,02,03) by a mutation at 02 or 03 (and appeal- 
ing to Example 16.31 again), we may assume that oi = max(ai, 02,03), cf. 
[C571 p. 27]. Now by [R89j. 3.2] (01,02,03) is uniquely determined by n and 

±0 mod n. n 

Example 6.3. Here we describe a two parameter family of surfaces which 
"connects" the weighted projective planes P := P(a^, 6^, c^), F' := P(o^, 6^, c'^) 
associated to two solutions of the Markov equation related by a single mu- 
tation. The family is given by 

X = {XY = sZ^' + tT"") C P(a2, b^, c, c') x C^^^. 

The special fibre X := Aq is the union of two weighted projective planes 
P(o^,c, c'), P(6^,c, c') glued along the coordinate lines of degree o^ and b^. 
It has two Wahl singularities of indices a and b and two orbifold normal 
crossing singularities of indices c and c'. The fibers Af,,^ for s = 0, t ^ 
are isomorphic to P = P(o^,&^,c^), with the embedding being the c-uple 
embedding 

P(a2, b^c^)^ {XY = T') C P(o2, 62, c, c') 

([/, V, w) ^ {X, Y, z, T) = (^7^ y^ w, uv). 

Similarly, the fibers Xg^t for s 7^ 0, t = are isomorphic to P' = P(o2, b'^^c' ). 
The fibers Xs,t for s 7^ 0, t 7^ are obtained from P or P' by smoothing the 
singularity of index c or c' respectively. 

Theorem 6.4. Let S denote the set of isomorphism classes of norm,al sur- 
faces X such that X has a unique singular point P £ X which is a quotient 
singularity and X admits a smoothing to P^. (Then P £ X is a Wahl 
singularity and the smoothing is necessarily <Q-Gorenstein.) 

Let T denote the set of isomorphism classes of exceptional vector bundles 
F on p2 of rank greater than 1 modulo the operations F 1— t- F'^ and F 1— >■ 
F (^ L for L a line bundle on P^. 

Then Theorem \1.1\ defines a bijection of sets 

<^:S^T, [X]^[F]. 

Proof. Let X be a surface as in the statement. The singularity P G X is a 
Wahl singularity by Theorem 16.11 Let P G X be of type -^{l,na — 1). 

The smoothing of X to P^ is automatically Q-Gorenstein by |M91] . §1, 
Corollary 5. Let F denote an associated exceptional bundle F on Y = F'^ 
given by Theorem ll.il Then rk(P) = n and ci{F) ■ Ky = ±0 mod n. Let 
H denote the hyperplane class on P^. Then 

(6.3) 3(ci (F) ■H) = ±a mod n, 
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and the slope fi{F) := {ci{F) ■ H) / T:k{F) G Q is uniquely determined modulo 
translation by Z and multiplication by ±1. An exceptional vector bundle 
on P^ is uniquely determined by its slope [D LP85[ 4.3]. It follows that F is 
uniquely determined up to F >-^ F ^ L and F i— )• F'^ . Thus the map $ is 
well defined. 

By Proposition 16.21 the surface X is uniquely determined by the isomor- 
phism type of its singularity, which is given by n and ita mod n. This 
data is determined by [F] € T as above, so <1> is injective. If F is an ex- 
ceptional vector bundle on P'^, then there exists a Markov triple (01,02,03) 
such that rk(F) = oi and (ci(F) ■ H) = io^^os mod oi JR89l 3.2]. Let X 
be the surface obtained from P(af , o^, 03) by smoothing the singularities of 
index 02 and 03. Then by ([63]) and dOD we have [F] = ^{[X]). So $ is 
surjective. D 

Remark 6.5. An sequence of exceptional bundles Fi, . . . , Ff^ on a surface Y 
is called an exceptional collection if for all j > k we have Ext*(Fj,Ffc) = 
for each i. Under certain hypotheses, given a degeneration Y -^ X of a 
smooth surface y to a normal surface X with several Wahl singularities, we 
can construct an exceptional bundle Fi on Y associated to each singularity 
Pi (z X such that the Fi form an exceptional collection. (Roughly speaking, 
we require if^'°(y) = H^iY) = 0, (14. ip holds, and the singularities Pi £ X 
are connected by a nodal chain of smooth rational curves.) In the case 
y = p2 this yields a bijective correspondence between degenerations X 
with several Wahl singularities and exceptional collections modulo a natural 
equivalence relation. We will give more details in a sequel to this paper. 

Remark 6.6. If y is a del Pezzo surface, we can show the following weaker 
result: every exceptional bundle F on y is obtained by the construction of 
Theorem II. 1[ The proof uses the classification of exceptional bundles on del 
Pezzo surfaces |KQ95] . 

7. Background 

7.1. Reflexive sheaves. Let X be a normal variety. For £■ a coherent sheaf 
on X we write E"^ := 'Hom{E, Ox) for the dual of E. We say E is reflexive 
if the natural map E — )• i?^^ is an isomorphism. Equivalently, E is reflexive 
if E is torsion-free and for any inclusion i: [/ C X of an open subset with 
complement of codimension at least 2 we have iif{E\ij) = E. For a coherent 
sheaf E we call E"^"^ the reflexive hull of E. 

Let X be a normal projective variety of dimension d. The first Chern 
class defines a map 

a: PicX ^ H'^{X,Z). 

It is an isomorphism if H^{Ox) = H'^{Ox) = (by the exponential se- 
quence) . Let CI X denote the class group of reflexive rank 1 sheaves on X 
modulo isomorphism. Equivalently, CIX is the group of Weil divisors on X 
modulo linear equivalence. We write Ox{D) for the sheaf associated to a 
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Weil divisor D. Then PicX C CIX and we have the map 
ci : CI X ^ H2d-2 {X, Z) , Ox{D)^ [D] . 

which is compatible with ci : PicX — > H'^{X,'L) via 

H'^{X,Z) ^ H2d-2{X,'L), a^[X]r\a. 

Finally suppose X is a normal projective surface with quotient singular- 
ities and H^{Ox) = H^{Ox) = 0. Let X° C X denote the smooth locus. 
Then 

PicX = H^{X,Z) C CIX = H'^{X°,Z) = H2iX,Z), 
see |K05] . Proposition 38. 

7.2. Toric geometry. We use various constructions from toric geometry 
which we review briefly here. We refer to |F93] for the basic definitions of 
toric geometry. 

7.2.1. Weighted projective space. The weighted projective space ¥(wq, . . . , Wr) 
is defined as the quotient 

P(u;o,...,u;,):=(e+i\{0})/CX 

where the action is given by 

C" B X: {xo,...,Xr) ^ {X'"°Xo,...,X'"-Xr). 

Then P = ¥(w(), . . . , Wr) is a normal projective variety of dimension r. We 
may assume that any r of the Wi have no common factors. We have weighted 
homogeneous coordinates Xq, . . . ,Xj.. The variety P is covered by affine 
patches 

{X,^0)=C''/^^{wo,...,Wi,...,Wr). 

The variety P is the toric variety associated to the free abelian group 
_/V = U'^^ jlj • [wq, . . . ,Wr) and the fan S in A^ (8> M of cones generated by 
proper subsets of the standard basis of Z^'^^. 

The variety P carries a rank 1 reflexive sheaf Op(l) such that the global 
sections of its nth reflexive tensor power Op(n) := (C'p(l)'^"')^'^ are the 
weighted homogeneous polynomials of degree n. The class group C1(P) of 
rank 1 reflexive sheaves modulo isomorphism is isomorphic to Z, generated 
by C'p(l). The canonical sheaf up (the pushforward of the canonical line 
bundle from the smooth locus) is isomorphic to Op(— Y2'^i)- "^^^ fii'st Chern 
class ci : C1(P) -^ if2r-2(P, Z) is an isomorphism. Write A := ci(C'p(1)) for 
the positive generator of //2r-2(P) Z)- Then the intersection product is given 
by A" = l/{wo---Wr). 
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7.2.2. Weighted blowups. Consider the cyclic quotient 

X =C^i,...,Xd/r("l'---''^'^)- 

The variety X is the affine toric variety associated to the free abehan group 

and the cone a C N (g)]R. generated by the standard basis of Z, . (That is, 
writing M = Honi(A^, Z) and a* C M (X" M for the dual cone, the semigroup 
ring C[cj* n M] is the invariant ring for the action of Z/rZ on C[xi, . . . , Xd]-) 
Let w = -{wi, . . . , Wd) ^ N he a primitive vector contained in the interior 
of the cone a. Let S be the fan with support a obtained by adding the ray 
M>o • w and subdividing a into the cones spanned by w and the codimension 
1 faces of a. Then the fan S determines a proper birational toric morphism 

tt: X ^ X 

called the weighted blowup oi P ^ X with weights -{wi, . . . ,Wd) with re- 
spect to the orbifold coordinates xi, . . . , Xd- The morphism tt restricts to an 
isomorphism over X \ {P}, and the exceptional locus E = 7r~^{P) is a quo- 
tient of the weighted projective space P{wi, . . . , Wd) by the action of a finite 
abelian group. The toric variety X is covered by affine charts Ui, . . . ,Ud 
corresponding to the maximal cones of E. 

Assume for simplicity that w generates N/TJ^. Then E = P(tL'i, . . . ,Wd), 
and the restriction of vr to the chart Ui is given by 

'^t,x'^,...,x'J^S-r^ ^2, . . . , Wd) -^ Ci^,...,Jl{au ■■■,ad), 

(n, x'„...,x'd)^ix,,..., Xd) = (n-^/^ tz-^/^4, • • • , u^'^'x'd). 
The other charts are described similarly. 
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